Effect of lanthanum doping on the electrical properties of solgel derived ferroelectric lead-zirconate-titanate for ultralargescale integration dynamic random access memory applications
I. INTRODUCTION
A fundamental concept in the theory of composite structures is homogenization, which is concerned with examining the relationship between length scales and the effective properties of any microstructure. At finite length scales, below the continuum limit, but well above the molecular scale, one often encounters continuum random fields that ascribe a statistical nature to the effective response of a composite microstructure. As the domain size increases, the effective properties of the microstructure become spatially independent, and homogeneity is achieved. By definition, this homogeneous domain is known as the Representative Volume Element (RVE). To study the properties of a microstructure at finite length scales and convergence to the RVE, on account of a mathematical analogy between anti-plane elastostatics and in-plane electrostatics, we employ the methodology of stochastic mechanics. 8 Of the widely available techniques in the literature for studying the effective conductivity of a composite aggregate, bounding proves to be advantageous due to the fact that it provides great rigor with the only drawback being that it generates two numbers (an upper and lower bound) for real material constants at a given volume fraction (usually defined a priori).
2 But, in general, if bounds are available then useful estimates can always be found. The simplest estimates for the conductivity are obtained by the Voigt (σ V ) and Reuss (σ H ) averages of the individual phase conductivities.
11
In order to study the scales at which we recover the effective conductivity, viz. the size of the RVE, we can generalize the Hill-Mandel macrohomogeneity condition to electrical conductivity. We bound an aggregate's effective conductivity from above using the essential (Dirichlet) boundary condition and from below using the natural (Neumann) boundary condition. The convergence of these bounds yields a suitable estimate to the minimum length scale required to homogenize the effective response. This methodology has previously been applied with success to linear elasticity and thermal conductivity. 3, 11 In addition, we recall the concept of a scaling function and derive its functional form for electrical conductivity to quantify the size of the RVE, and develop a material selection diagram that allows one to estimate this size to any desired level of accuracy for a range of composite microstructures.
II. MATHEMATICAL FORMULATION

A. The Hill-Mandel condition in electrical conductivity
The Hill condition uses an energetic approach for setting up constitutive equations. Following the procedure used in thermal conductivity 3 and extending it to electrical conductivity, we obtain three types of uniform boundary conditions which are 1. Essential (Dirichlet)
2. Natural (Neumann)
3. Mixed-Orthogonal
where φ is the electric field and J is the current density. The superscript '0' denotes constant vectors. In this article, we use only the first two conditions [equations (1) and (2)]. The procedure outlined above works under the assumption that a random field Θ( χ,ω) of material parameters is spatially ergodic and wide-sense stationary (WSS). 6 Thus, Θ( χ,ω) has a constant mean and a translation invariant finite autocorrelation given respectively by,
That Θ( χ,ω) is mean-ergodic means the spatial average equals the ensemble average Figure 1 shows the proposed homogenization methodology. The checkerboard is composed of randomly arranged isotropic phases with differing phase conductivities. The essential and natural boundary value problems are solved using equations (1) and (2), and upon ensemble averaging we obtain bounds on the aggregate response.
B. Formulation of the scaling function
The mesoscale δ is an intermediate non-dimensional length scale defined as the ratio of the length scale of the domain under consideration to the length of individual phase, δ = L d (see Figure  1) . For a given realization B δ (ω) of a random medium B δ on some mesoscale, δ, equation (1) Since the composite is made up of locally isotropic phases, upon ensemble averaging over the realization space the effective response of the microstructure is isotropic, we obtain
where I is the second order identity tensor. Contracting equations (8) and (9) yields the following scalar equation
At the RVE limit, the conductivity tensor must be the exact inverse of the resistivity tensor which implies that
Thus, we can postulate the existence of the following relationship
where f (δ, σ 1 , σ 2 ) defines the scaling function. Substituting, equations (11) and (12) into (10) yields the functional form of the scaling function as
C. Bounds on the electrical conductivity
Since the microstructure has WSS and mean-ergodic properties, we obtain the following hierarchy of scale-dependent bounds on the electrical conductivity tensor
Using equations (8) and (9) we obtain the following hierarchy of bounds on the electrical conductivity
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D. Properties and bounds on the scaling function
The scaling function in equation (13) has the following properties
and
The function is subject to the following bounds
which implies that
In order to make the bounds on the scaling function more explicit, we first notice that
where the Voigt and Reuss averages are given in terms of volume fraction (v f ) and the conductivities of the individual phases (σ 1 and σ 2 ) as Using equation (20) to normalize equation (19) yields the rescaled function as
where
III. COMPUTATIONAL MODEL AND PROCESS
The homogenization domain is a two-phase random checkerboard composite comprised of individual isotropic phases with conductivities σ 1 and σ 2 . Random realizations at arbitrary volume fractions are obtained via a binomial distribution. The microstructures are sampled at 10%, 25%, 35%, 40%, 50%, 60%, 75%, and 85% nominal volume fractions. The domain sizes are shown in Figure 2 and correspond to mesoscales of δ = 2, 4, 10, and 40.
Numerical experiments are carried out on a sample set of microstructures shown in Table I , with individual phase conductivities and phase contrast (k).
At each mesoscale, the size of the realization space is given by
Clearly, it is computationally infeasible to cover the entire realization space. Thus, we sample it in a Monte Carlo sense, generating 150 realizations for each volume fraction and each contrast. The computational process involves solving the essential and natural boundary value problems with the finite-element software ABAQUS. The loading conditions used to drive the essential and natural boundary value problems in Cartesian coordinates are given, respectively, as
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FIG. 4. Scale-dependent bounds for Sodium-Inconel (high-contrast) at varying volume fractions and mesoscale.
IV. RESULTS
A. Bounds on the effective response
Scale-dependent bounds for the microstructures are obtained under essential and natural boundary conditions. At every volume fraction, the upper and lower bounds correspond to the Voigt and Reuss averages. For each microstructure the essential and natural boundary value bounds get closer with increasing mesoscale. This property is shown in Figure 3 for a low-contrast material (CopperCalcium) and in Figure 4 for a high-contrast material (Sodium-Inconel). It can be seen that for a high contrast material the scale-dependent bounds are further apart compared to a low-contrast microstructure at a given mesoscale, which suggests that a larger mesoscale is required to homogenize the aggregate response. The convergence of the bounds under essential and natural boundary conditions is explicitly shown for all the microstructures at a nominal volume fraction of 50% in Figure 5 . Specifically for this case, these bounds converge to the geometric mean of the individual phase conductivities, a well-known result in the theory of composites.
Furthermore, Figure 6 shows that microstructures with similar contrast in phase properties have similar scaling functions at all volume fractions. Thus, we can conclude that the scaling function for a particular microstructure is only a function of mesoscale and contrast in phase properties.
B. Construction of the scaling function
The compiled list of rescaled functions at 25%, 50%, and 75% volume fractions are shown in Figure 7 . It is evident from the plots that upon rescaling of the scaling function, the curves collapse onto one another irrespective of volume fraction and is only a function of the mesoscale. Thus, the scaling function can be written as the product of material-dependent and scale-dependent quantities
Equation (26) shows that the scaling function depends on the volume fraction, phase contrast and the mesoscale. The material-dependent quantity was further decomposed into components explicitly in terms of the volume fraction (v f ), and the phase contrast (k). The function g(δ) is the scale-dependent portion that depends exclusively on the mesoscale. By curve-fitting the mean-values of g(δ) in Figure  7 with a stretched-exponential function we obtain the following functional form for g(δ) as where we find that the fitting constants (a = 0.73 and b = 0.5) do not vary with volume fraction up to two significant figures. Thus, the scaling function can be written as
The scaling function in equation (28) satisfies the properties defined in equations (16)- (19) and does not distinguish between k and k −1 . It is used to reconstruct the scaling function for some of the microstructures at several volume fractions as shown in Figures 8, 9 , and 10.
C. Material scaling diagram
Based on the functional form of the scaling function given in equation (26), it is possible to construct contours in the k − δ space for an arbitrary volume fraction as shown in Figure 11 . It is evident that the scaling function shifts toward higher mesoscales as it decreases and vice-versa. Theoretically, the scaling function becomes zero only at the infinite limit (at the RVE scale). For most practical purposes, we define the size of the RVE based on some finite value of the scaling function. In order to illustrate this concept, we select a volume fraction of 50% and fix f = 0.01. Figure 12 gives an estimate for the minimum mesoscale required to homogenize the effective response of a microstructure in electrical conductivity at f = 0.01, for various volume fractions, from which the number of grains can be obtained via the relation
where N G is the number of grains. It can be seen that for weakly heterogeneous microstructures (k ≈ 1) the mesoscale is equal to one, such as in a microstructure made of Constantin-Manganin. In addition, microstructures with phase contrast k or k −1 scale identically. Furthermore, the contours of the scaling function indicate that for a given microstructure, the mesoscale required for homogenization is largest when the nominal volume fraction is 50%. At other volume fractions, the mesoscale is lower. This can be attributed to the fact that for a given microstructure, the level of heterogeneity is largest at v f = 0.5. For other volume fractions, one of the two materials dominates the effective response. As a result, homogeneity is achieved at lower mesoscales.
V. CONCLUSION
In this article, a methodology to study the effect of length scales on the electrical conductivity of random checkerboard composites is proposed. While real microstructures display randomness in shapes of grains of constituent phases, that aspect is secondary relative to the spatial randomness of two-phase mixtures. The effective electrical conductivity of a microstructure is bounded from above and below, respectively, by the responses resulting from the essential and natural boundary conditions applied on increasing large mesoscale domains. This approach is used to study microstructures with varying phase contrasts at arbitrary nominal volume fractions.
A scalar-valued scaling function is introduced to grasp the convergence to effective medium response. Numerical simulations are used to established its functional form and study its effectiveness in capturing the scaling properties of a select set of microstructures. An explicit semi-analytical form for the scaling function is obtained as a function of the volume fraction, phase contrast and the mesoscale. A stretched-exponential curve fit to numerical data, is used to establish the dependence of the scaling function on the mesoscale. The final form of the scaling function is used to reconstruct the scaling function for specific microstructures at different volume fractions to illustrate its capacity to capture scale-effects. Finally, the material scaling diagram is constructed and it is observed that the convergence to the effective property is the slowest for microstructures with 50% nominal volume fraction.
